
S O L U T I O N  O F  T W O  C O N J U G A T E  E Q U A T I O N S  

M .  A .  A b d r a k h m a n o v  UDC 536.24.02 

A solution to the conjugacy p rob lem of var ious  types  of equation has been found by r e -  
duction to an in tegra l  equation; the p rob lem a r i s e s  in the study of hea t -  and m a s s -  
t r a n s f e r  and in mechanica l  o r  e l ec t r i c  phenomena in d ive rse  media .  Conditions a r e  
found which m u s t  be imposed  on given functions for  which the p rob lem has a c l a s s i ca l  
solution. 

I t  was  shown [1] that  the h e a t - t r a n s f e r  equation is an equation of a hyperbol ic  type provided the heat  
sp reads  with finite veloci ty .  We a r e ,  t he r e fo re ,  in te res ted  in heat  p r o c e s s e s  which take place in media  
with s t rongly  differ ing physica l  p rope r t i e s .  

The p rob lem cons idered  below can be in te rp re ted  as  a heat  and m a s s - t r a n s f e r  p rob l em;  s i m i l a r  p r o b -  
l ems  a r i s e ,  however ,  when osci l la t ions  in e lec t r ic  l ines a r e  p ropaga ted  [3, 4] o r  in mechanica l  p rob l ems  
[2]. I t  should a lso  be noted that  the p r e s en t  a r t i c l e  is an extension of [5] to the case  in which one of the 
conjugate equat ions holds in a finite region.  

The following p rob lem is considered:  to find a continuous function ul(x, t) in a region DI(0 -< x _-_ l ,  
0 -< t < T) which sa t i s f i e s  the equation 

0lll = a 2  0 2 U l  ( 1 )  

Ot Ox z 

in the region DI(0 < x < l ,  0 < t < T),  the initial condition 
] 

, U 1 'z=O = ]c (X),  (2) 

and the boundary condition 

tq  '~=-I = O, (3) 

as  well  as a continuous function u2(x, t) in the reg ion  D2(x _> 0, 0 - t < T) which sa t i s f i e s  the equation 

O~u,, On.,. O~u2 (8, ~ > 0) (4) 
[ } - ~ -  -k V. Ot - -  Ox ~ 

in the region D2(x > 0, 0 < t < T) ,  and the initial  conditions 

0/'/2 t=O = "., It:O = ~ (X), ~ * (X), (5) 

m o r e o v e r ,  the following conjugaey conditions mus t  hold for  the functions u 1 (x, t) and u2(x, t) 

ul [x=-,'~ = ~tuz Ix=+o, 

Ou 1 I Ou~. ] 
Ox x=-O : v Ox tx=+o' 

(6) 

(7) 

where  #, p a r e  posi t ive  constants .  

M o r e o v e r ,  it is a l so  a s s u m e d  that the following matching  "conditions a r e  sa t i s f ied:  

[(--0 = 0, 

f (-- o) = ~,r ( +  o), 

f'  ( -  o) - ~ '  (+  o) 
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as  wel l  a s  the condi t ions  

(+ 0) = ( 0 ) ,  (11) 
vr  (+  0) = a2f ' '  ( - -  0). (12) 

To  find the so lu t ions  to the p r o b l e m  (1)-(7) an  unknown function co(t) is in t roduced  such  that  the r e l a t i ons  
given below a r e  t rue :  

Out (13) = (o (t), 
OX x~- -O  

Ou~ _ (o (t) (14) 
O X -  [ x = + o  V 

Of c o u r s e ,  ff the  r e l a t i o n s  (13)-(14) hold then the  eon jugacy  condi t ion (7) is o b s e r v e d  and the p r o b -  
l em  unde r  c o n s i d e r a t i o n  is  spl i t  into the fol lowing two independent  p r o b l e m s .  

P r o b l e m  A. To find a so lu t ion  of  Eq. (1) in the r eg ion  D 1 with the ini t ial  condi t ion  (2), and the bound-  
a r y  condi t ions  (3) and (13). 

P r o b l e m  B. T o  find a so lu t ion  of  Eq.  (4) with the init ial  condi t ions  (5) and the boundary  condi t ion (14). 

The  so lu t ion  o f  P r o b l e m  A can  be obtained by us ing  finite in t eg ra l  t r a n s f o r m s  with r e s p e c t  to x and 
can  be w r i t t e n  a s  

fl t 

- -  ~- i 0 

w h e r e  

Gt x, x 1. t~ = 2aV----~-f ( - I p  exp - -  4a2t -4a.2 t . . 

The  so lu t ion  of  P r o b l e m  B c a n  be obta ined  by us ing  ope ra t iona l  ca lcu lus  and is given by 
r 

u..(x, t ) =  1/~ o 2F" j rtx,  ~, t, O) O(U.d~ 
2 Ol . . . .  

f 

t 
. - -  x'-- T - =  t _  |-O~ r 

- -  2 -~- , v 
t 0 

w h e r e  v 

[ ) '? (t ~) Io V ( t  r~"- - I~ ( .~  x) 2 F.(x. ;, t, ~r)= exp -~ -  - -  �9 . , 

o ~ O , ~ F ( ~ ) = i ~ (  ~ ) , ~ .  ~) for ~ 0 ,  
[ ~ (D, r (~) for ~ > o. 

• is  the Heav i s ide  unit  funct ion.  

I f  t < ~f-flx then  the l a s t  t e r m  in the f o r m u l a  (16) v a n i s h e s  and t h e r e f o r e  the funct ion u2(x, t) can  be 
wr i t t en  by emp loy ing  the f ami l i a r  f o r m u l a  for  the so lu t ion  of  a Cauchy p r o b l e m  with even init ial  funct ions 
f o r  x < 0, tha t  i s ,  fo r  t < f - f ix  the pa rabo l i c  p a r t  e x e r t s  no ef fec t  on i ts  hype rbo l i c  pa r t .  To d e t e r m i n e  
the unknown function c0(t) one u s e s  the con jugacy  condi t ion  (6); then f r o m  (15) and (16) one obta ins  the 

fol lowing in teg ra l  equat ion:  

f { Z+| I t : l ~ ]  u ],/" ~ (t - -  l:) ( _ l ) ~ e x p  a O ~ . r )  + ' - - e x p v  

w h e r e  t 
~ 

0 
So (0 = V g I, 

0 

(17) 
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t 

7 1 
+ exp - -  ~-V t I o , (~) + -~- tp ([) d[ --,, a ~,"--rd 

0 . . . . . . .  : 

- -  ~ (--- 1)nexp 

- - I  r i b - - c o  

(2nl -F xl) ~ ]f(x 0 dx,.'(18) 
4a~t . 

The kernel  of the integral  equation (17) depends on the dif ference of the arguments  and the re fore  its solu-  
tion should be sought by employing the operational  method; however,  a d i rec t  use of this method proves 
inadequate in view of the difficulties of changing over  to the originals.  The integral  equation (17) can be 
solved by the regular iza t ion  method by which it can be reduced to a Vol te r ra  integral  equation of the second 
kind. 

The t e r m  corresponding to n = 0 is cons idered  separa te ly  in the sum appearing in the express ion  for 
the kernel  (17); one then obtains 

t 

f ly  ~ "~ , �9 , .  

d 

where the symbol ~ '  

t J r |  

, ] " F~ I n(~--x) (-- l)nexp a . ~ . t )  o)(x)dx, 
0 n = - - ~  

indicates summation over  all n f rom - ~o to + oo except  for  n = 0. 

(19) 

The integral  equation 

- -  (t-.- ,) 10 (t --. ,)  ) ,,)('q d'r .... h (,,, (20) 
0 
0 

is now cons idered  where  h(t) is assumed to be a given function. Equation (20) is called a charac te r i s t i c  
equation for the integral  equation (17). The Laplace  t ransformat ion  is applied to Eq. (20); one then obtains 

by the convolution theorem 

~(p) = [ l ~-G,,(P)I Ph 'P), (21) 
J 

where  
1 

G~' (P) :-: I-t Vp-;- vo J,"l~p z -i- yP 

The inverse  t r ans fo rm of G0(P) was found in [51. It is of the form 

G~ (t): i W  (x) exp (-- xl) dx, 
0 

where  

with 

I~' (x) : ,  

I l 
�9 a v xlr~ -!. vaV~e~---~ x l '  if x ~ - ~ ,  

a v xll tz + v~a'2 (l~x --  v)l' 

I Go U)! • M. 

ff x > . ~  , 
P 

(22) 

Thus if h(O) -'"0 one obtains f rom (21) 

t 

co q) = a )' a-~ 

C 

Ea Go (x) ] h' (t - -  T) dr. (23) 
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F o r  t = 0 the r i g h t - h a n d  s ide of  (19) van i shes  by v i r tue  of  the ma tch ing  condi t ion  (9); t h e r e f o r e ,  by s u b -  
s t i tu t ing  i ts  de r iva t ive  fo r  hqt )  in (23) one obta ins  f o r  ~0(t) the fol lowing V o l t e r r a  in tegra l  equat ion of  the 
s econd  kind:  

w h e r e  

t 

co (t) -~- ~ K (t ~) co (~) dr = H (t), (24)  
0 

[--T 

K (t - - ~ ) = ,  a V-~-Y~ a 
0 

= d~l; (25) X (--1)~ a ] f ~  (t �9 __ ~)~/2 2 V.~(t T Tx)3 n exp a * (t T T1) ] 

t 

H (t) = 1 ~ G o (v) F0 (t --- T).dT. (26) 
�9 a ] ~ T  a 

0 

The  ke rne l  K( t - -T)  is a bounded funct ion s ince  the sum in the e x p r e s s i o n  for  the ke rne l  (25) does  not  include 
a t e r m  c o r r e s p o n d i n g  to n = 0 (in addi t ion,  the kerne l  p o s s e s s e s  cont inuous  and bounded d e r i v a t i v e s  o f  any 
o r d e r  wh ich  van i sh  for  t = T). The  solut ion of Eq. (24) can  t h e r e f o r e  be found by s u c c e s s i v e  app rox ima t ions .  

T h u s ,  if R( t -~-)  is the  r e s o l v e n t  of the ke rne l  K ( t -  Z) then for  w(t) one obta ins  

t 

o) (0 = H (t) -:- i' R (t - -  ~) II (~)d~. (27) 
6 

M o r e o v e r ,  fo r  the f o r m u l a  (15) to be the solut ion o f  Eq. (1) in the r eg ion  D 1 with the condi t ions  (2), (3), and 
(13) sa t i s f i ed  it is on ly  r e q u i r e d  that  the o~(t) be cont inuous ;  it is a l so  r e q u i r e d  at  the s a m e  t ime  that  t he re  
e x i s t s  its cont inuous  and bounded de r iva t ive  and that  the condi t ions  

(o (0) =: vq' (-:- 0), o~' (0) = v~'  ( +  0), (28) 

be s a t i s f i e d  so that  the f o r m u l a  (16) is the so lu t ion  of  (4) in the reg ion  D 2 with the condi t ions  (5) and (14) 
sa t i s f i ed .  T h e r e f o r e ,  the condi t ions  fo r  the funct ion ~(t) to p o s s e s s  these  p r o p e r t i e s  a r e  now given. To 
this  end it is  f i r s t  no t iced  tha t  in view o f  the p r o p e r t y  of  the ke rne l  of  being infini tely m a n y  t i m e s  d i f f e r -  
en t iab le  and of  al l  i ts d e r i v a t i v e s  van i sh ing  for  r = t ,  i ts r e s o l v e n t  a l so  p o s s e s s e s  the s a m e  p r o p e r t i e s .  
Consequen t ly ,  one finds by a formal  d i f fe ren t i a t ion  of  (27), 

! 
(o' (t) = H' (t) + .1 R' (t ~} H (T) d~. 

0 

that  i s ,  the funct ion w'(t) is bounded p rov ided  that  the funct ion H'(t)  is a l so  bounded.  

To p r o v e  tha t  the funct ion K'( t)  is bounded the b e h a v i o r  is s tudied of  the funct ions  G0(t ) , F'0(t ) and of  
the funct ions  r e l a t e d  to them in the ne ighborhood  of the point  t = 0. In  [5], by us ing  an expans ion  of  the 
t r a n s f o r m  G0(P) n e a r  the point  at  infinity one obtains  the fol lowing r e p r e s e n t a t i o n s ,  

6,, (t~ - - 1 21a |." t 0 if) 
va 1/'~ - v~a~P V-~ 

o r  

w h e r e  G 1 (0) = O, 

w h e r e  G2(t) = 0 (1) .  
t a s t  t e r m  being wr i t t en  a s  

1 (29)  Go to 6j ttl. 
V(l [ 

Gi (t)  - .  G,,(n.  (30) 
v2a2[~ I ~t 

A change  of  va r i ab l e  is c a r r i e d  out in the f i r s t  two in t eg ra l s  (18) by ~ = ( t /~f f l )z ,  the 
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Then 

f - -  4a't / �9 dH; F'n (t)= ,, ~ a V-~t  [(x,)dx~ dt ' (315 

--I 

and one notices that dH~/d t  is a bounded function if there  exis ts  a continuous and bounded der ivat ive  of the 
second o r de r  of the function r as well  as Of the f i r s t  o rde r  for  the function r ix), and if the function f(x) 
is continuous and bonnded. In the f i r s t  t e rm  of (31) the opera tor  0 / a t  is replaced by ~ 02/0x~ and one  
now integrates  twice by par t s ;  then by taking into account the matching condition (8) and that it is requi red  
that the function fix) pos se s se s  continuous and bounded der ivat ives  up to the second o rde r  inclusive one 
obtains 

t:; ( t }=  ay.(~O) ,-  F~ it), (32) 
V at  

where  

Proceed ing  in exact ly the same manner  one can r ep re sen t  the function F't(t ) as  

FI (t) = aa['' ( -  O) :_ F. ct), (34) 
I / a t  

where  Fl(t) is a continuous and bounded function provided that there  exis t  continuous and bounded de r iva -  
t ives of the fourth o rde r  for  f(x), of the third o rde r  for ~0(x). and of the second o rd e r  for  $ (x). 

In the express ion  (265 FV0(t) is now replaced  by (32) and G0(t) by (295; then 
t t 

f ] F I ( I - - T ) d *  ~ [ ' [ - - 0 )  f dT H (t5 = f '  ( - -  O) + . a ] / ~  ~'a l # . V ' ~  

0 0 

f t t 

J } ~ v a ' V f f  a . 0 0 

H(t) is different iated;  then by using Gt(0) = 0 one obtains 

H'(t) - a l/-at v V g 

t 

- -  pf' ( - o ) .  K ~  
0 

t 
I 1 FI (t --  .5 d, 

0 
t 

dr va 2p't,ff./ F~ (t) - -  V.a .i' 61 it - -  ~) FI ('0 tiT. (36) 
0 

I t  can now be seen that the function ~(t) has a bounded der ivat ive if and only if the re la t ion 

F~ (0) - -  ~F (-- 0) = o, 
~ V g  

holds; if FI(O) is now replaced  by its express ion  in (33) and bear ing  in mind the matching condition (10) one 
obtains the re la t ion  

~ , ( +  0)--  a~F (-- 0) =0 ,  

which is identical with (11). The validity of the re la t ions  (28) is now ver i f ied .  F o r  this one p roceeds  ln[35]to 
the l imi t  with t ~ 0; then one obviously has H(0) = f ' ( -0 )  or  by employing (27) and the matching condition 
(10) one obtains the f i r s t  re la t ion  in (28). To ver i fy  the second re la t ion of (285 one rep laces  G~(t) in (36) 
by (305 and proceeds  to the l imit  with t ~ 0; one then finds for H'(0) 

' # t ' ( - o ) -  ~ t: 1(o). 

In the above by replacing FI(0) by its express ion  given in (33) and using the matching condition (10) to -  
gether  with the re la t ion (27) one has oJ'(0) = r e ' ( + 0 ) ,  that is,  the second re la t ion of (28) has been proved.  
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fled: 
Thus the formula ted  conjugacy problem has a c lass ica l  solution if the following conditions a re  sa t i s -  

1) the functions f(x), ~(x), r (x) possess  continuous and bounded der iva t ives  inclusively up to the 
fourth,  th i rd ,  and second o rde r  respec t ive ly ;  

2) the matching conditions (8)-(10) hold as well a s  the conditions (11) and (12). 

It  can be shown that (11) and (12) which connect  the functions at the separa t ion  point of the equations 
do hold for  sufficiently smooth pa i rs  of solutions ul(x , t) and u2(x , t) in the regions D1 and D2 respec t ive ly ;  
t h e r e f o r  e,  these conditions can, to some extent,  be cons idered  as natural .  

It should be noted in conclusion that the method descr ibed  he re  can be employed to solve a s imi la r  
conjugaey problem when a second boundary condition is  specif ied at x = - l .  
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